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We consider static, cylindrically symmetric configurations in general relativity coupled to nonlinear electrodynamics 
(NED) with an arbitrary gauge- invariant Lagrangian of the form Lom = ^{F) , F — F^pF"''^ . We study electric 
and magnetic fields with three possible orientations: radial (R), longitudinal (L) and azimuthal (A), and try to 
find solitonic stringlike solutions, having a regular axis and a fiat metric at large r , with a possible angular defect. 
Assuming that the function ^{F) is regular at small F, it is shown that a regular axis is impossible in R-fields if 
there is a nonzero effective electric charge and in A-fields if there is a nonzero effective electric current along the axis. 
Thus solitonic solutions are only possible for purely magnetic R-fields and purely electric A-fields, in cases when 
tends to a finite limit at large F . For both R- and A-fields it is shown that the desired large r asymptotic is 
only possible with a non-Maxwell behaviour of ^{F) at small F . For L-fields, solutions with a regular axis are easily 
obtained (and can be found by quadratures) whereas a desired large r asymptotic is only possible in an exceptional 
solution; the latter gives rise to solitonic configurations in case ^{F) — const ■ x/f'. We give an explicit example of 
such a solution. 



1. Introduction 

Self-gravitating systems with classical nonlinear field 
sources find many applications in modern unification 
theory and cosmology. On the one hand, there nat- 
urally appear various scalar fields with nonlinear po- 
tentials and different coupling to gravity, on the other, 
some models of string theory create in their low-energy 
limits such theories as the Born-Infeld nonlinear elec- 
trodynamics or its non-Abelian modifications pp. Of 
utmost importance in any such theory are solitonic or 
solitonlike solutions, combining global regularity and 
localization in a certain number of dimensions, such 
as particlelike solutions, kinks, domain walls, cosmic 
strings, etc. 

Of particular interest are cylindrically symmetric 
(stringiike) solutions, with fields localized in a vicinity 
of the symmetry axis. Nielsen and Olesen 2 pointed 
out that vortex solutions of the Higgs model behave 
classically as Nambu dual strings j3j in the strong- 
coupling limit. As an example, they have shown that 
a Higgs-type Lagrangian allows for vortex-lines solu- 
tions, similar to vortex lines in a type II superconduc- 
tor. Self-gravitating cosmic strings have been a subject 
of great interest in cosmology in the recent decades, see 
Refs. 1^ for reviews. 

Stringlike configurations of nonlinear fields have also 
been studied: in Ref. [7] for self-interacting scalar fields 
and in Ref. 'E' for interacting scalar and electromagnetic 
fields. 

The present paper continues this trend and stud- 
ies the possibility of obtaining regular self-gravitating 



stringlike configurations of a nonlinear electromagnetic 
field with an arbitrary gauge- invariant Lagrangian $(i^) , 
F = Fp^^F^'^ . We consider three possible types of elec- 
tromagnetic fields compatible with cylindrical symme- 
try: radial (R), azimuthal (A) and longitudinal (L) 
fields. We formulate the conditions of the solutions' 
regularity on the symmetry axis and for their proper 
behaviour far from the axis and conclude that solitonic 
stringlike configurations, i.e., those well-behaved both 
on the axis and at infinity, can be built in the cases of R- 
and A-fields under certain conditions upon the function 
^{F) . The regular axis conditions are somewhat similar 
to the regular centre conditions for the NED-Einstcin 
system in the case of spherical symmetry [H] ■ 

According to [HI, it is possible to obtain regular 
asymptotically flat purely magnetic solutions (black 
holes and monopoles) in NED which reduces to the 
Maxwell theory F) at small F . Unlike that, reg- 

ular (flat or string) asymptotics of cylindrically symmet- 
ric configurations are only possible when ^{F) ~ o{F) 
at small F . This circumstance is closely related to the 
fact that the corresponding Einstein-Maxwell solutions 
are not well-behaved at infinity. 

For L-fields, although a regular axis is easily ob- 
tained (even in the Einstein-Maxwell system lll| ). 
the general solution with a regular axis (which is ob- 
tained by quadratures) cannot lead to a stringlike soli- 
tonic configuration since a regular spatial asymptotic is 
absent. There is, however, an exceptional purely mag- 
netic solution with ^{F) = const • ^/F which turns out 
to be solitonic under some further restrictions. 

It should be stressed that, in nonsingular configu- 
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rations of any spatial symmetry, effective electric and 
magnetic charges, characterizing the field behaviour at 
large (e.g., at a spatial asymptotic), appear in nonlinear 
theory without postulating the existence of such charges 
in the initial formulation of the theory (as is done in 
the Maxwell theory where the current density is in- 
troduced in the interaction term j^A^ , added to the 
field Lagrangian ^ F^'^Ff^i,). It is the field nonlinearity 
that leads to effective electric and magnetic charge den- 
sities or currents distributed in space. In this way mag- 
netic monopoles and regular black holes with magnetic 
charges were obtained in Ref. 'W without introducing a 
magnetic charge density as a separate quantity; their 
cylindrically symmetric analogues are solitonic configu- 
rations whose existence is considered here. 

2. Field equations and regularity 
conditions 

2.1. Field equations 

Consider gauge- invariant NED in general relativity (GR) , 
with the action 



(1) 



where R is the scalar curvature, g is the determinant 
of the metric tensor g^^ , G is the gravitational con- 
stant, ee = 8ttG, and ^{F) is an arbitrary function of 
the invariant F = FapF"^ . Maxwell's electrodynamics 
corresponds to $(i^) = F, and, in nonlinear theory, it 
is natural to assume a Maxwell behaviour {^{F) w F) 
at small F. 

The electromagnetic field equations following from 
and the Bianchi identities for Ffj^i, have the form 



0, 
0, 



dF' 
1 



(2) 
(3) 



where e^Pt^'^ is the Levi-Civita symbol and * denotes 
the Hodge dual. 

Variation of Q with respect to g'^" leads to the 
Einstein equations 



with the electromagnetic stress-energy tensor (SET) 



(4) 



(5) 



A static, cylindrically symmetric metric can be writ- 
ten as 



(6) 



where a, (3, 7, ^ are functions of the radial coordinate 
u only; z G M and (p G [0; 2tt) are the longitudinal 





H" 


-u ^ 
u = 


-£eT°e2", 
-cET^e^", 






-u = 


-seTle^", 


7"- 




-u = 

U EE 


-seTfe^", 



and azimuthal coordinates, respectively. There is still 
freedom of choosing the u coordinate. 

We find it convenient to use the coordinate condition 

cn 

a = 7 + C + /3, (7) 

so that u is a harmonic coordinate. Its range is not spec- 
ified until the full geometry is known. Under the condi- 
tion 0, Eqs. Q take the following symmetric form: 

(8) 
(9) 
(10) 
(11) 



We will seek solutions in three cases compatible with 
cylindrical symmetry, with the following nonzero com- 
ponents of Ffj_i, in each case: 

Radial (R) fields: electric, Foi{u) {E'^ = FoiF^°), and 
magnetic, ^23(1*) (B^ = F23F^^). 

Azimuthal (A) fields: electric, Fo3(u) {E'^ = Fa^F^^), 
and magnetic, Fi2{u) (B^ = FiaF^^). 

Longitudinal (L) fields: electric, Fo2{u) {E^ = F^F^^), 
and magnetic, Fuiu) (S^ = FigF^^). 

Here E and B are the absolute values of the electric 
field strength and magnetic induction, respectively. 

2.2. Regularity on the axis and regular (flat or 
string) spatial asymptotics 

From the whole set of solutions to the field equations, 
we will try to single out those having (i) a regular axis 
of symmetry and (ii) such a behaviour far from the axis 
that corresponds to the gravitational field of an isolated 
cylindrically symmetric matter distribution or a cosmic 
string, i.e., a fiat or string asymptotic at spatial infinity 
(in what follows, a regular asymptotic, for short). 

Let us first write the regularity conditions without 
specifying the u coordinate. 

The regularity conditions on the axis, i.e. for u — Ua 
such that r = e*^ 0, include the finiteness require- 
ment for the algebraic curvature invariants and the con- 
dition 



|/3'|e' 



,/3-a 



1 



(12) 



(the prime denotes d/du), expressing the absence of a 
conical singularity. 

Among the curvature invariants it is sufficient to deal 
with the Kretschmann scalar K = R^'^^'^ Rfn^pa which, 
for the metric (O, is a sum of all squared nonzero Rie- 
mann tensor components R^'^ pa '■ 

6 

K = aY^KI, 
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n23 

— -K 23 — 
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(13) 

For if < 00 it is thus necessary and sufficient that aU 
\Ki\ < 00 , and this in turn guarantees that aU algebraic 
invariants of the Riemann tensor wiU be finite. Note 
that all Ki , as well as the condition (|12|) , are invariant 
under reparametrization of u . 

It can be verified (see for details) that the regular 
axis conditions hold at u = Uax , where r = e'' — > , if 
and only if 



7 = 7ax + 0(r2); ^ = U + 0{r^), (14) 

l/J'le'^-" = l + 0(r2) (15) 

clS U ^ Wax ■ 

Here and henceforth the symbol 0{f) 
denotes a quantity either of the same order of magnitude 
as / in a certain limit, or smaller, while the symbol 
connects quantities of the same order of magnitude. 

A useful necessary condition for regularity follows 
from the Einstein equations. At points of a regular axis, 
as at any regular point, the curvature invariants R and 
Rfj.iyR^'^ are finite. Since the Ricci tensor for the metric 
© is diagonal, the invariant R^i^R^^'^ = R'j^R'^ is a sum 
of squares, hence each component i?^ (no summing) is 
finite. Then, due to the Einstein equations, each com- 
ponent of the SET is finite as well: 



it;i<«^- 



(16) 



Thus, requiring only regularity of the geometry, we ob- 
tain, as its necessary condition, the finiteness of all SET 
components with mixed indices. This is true not only 
for the present case, but always when is diagonal. 

Let us now formulate the conditions at regular spa- 
tial asymptotics. We require the existence of a spatial 
infinity, i.e., u — Uoo such that r = e^ — s- cx), where the 
metric is either fiat, or corresponds to the gravitational 
field of a cosmic string. 

Then, first, correct behaviour of clocks 

and rulers requires I7I < 00 and |^| < 00 or, choosing 
proper scales along the t and z axes, one can write 



7 



0, 1^ as u 



(17) 



Second, at large r the condition (|12(l should be re- 
placed with a more general one, 



'I 



\l3'\e 



1 - ^, 



^ = const < 1, as u - 



(18) 



so that the circumference-to-radius ratio for the circles 
u — const, z — const tends to 27r(l — /i) instead of 
27r, /i being the angular defect. Under the asymptotic 



conditions H17|) . H18|l . /i > 0, the solution can simulate 
a cosmic string. A fiat asymptotic takes place if /i = . 

Third, the curvature tensor should vanish at large r , 
and, due to the Einstein equations, all SET components 
must decay quickly enough. It can be easily checked 
that the conditions H17|l and H18|l automatically imply 
that all Ki — o(r^^) where Ki are defined in Con- 
sequently the same decay rate at a regular asymptotic 
takes place in all components of , and one can ver- 
ify, in particular, that the total material field energy per 
unit length along the z axis is finite: 



^^+^ dudz 



< 00 



(19) 



where integration in z covers a unit interval. A similar 
condition in flat-space field theory is used as a criterion 
of field energy being localized around the symmetry axis, 
which is one of the requirements to solitonic solutions. 
The set of asymptotic regularity requirements H17() , H18|l 
for self-gravitating solutions is thus much stronger than 
(|19() and contains the latter as a corollary. 

Specifically, if we use the harmonic u coordinate, it 
is easily shown that both a regular axis and a regular 
spatial asymptotic require u ±00 . Choosing, without 
loss of generality, itax = — 00 and Wqo = +00, one finds 
that at a regular axis, in addition to 114|) and (|15|l . 



At a regular spatial asymptotic {u 
to lfT7|) and lfTS|l . we have 



o(l-M)f 



const > 0. (20) 
-|-cx)), in addition 

(21) 



and the SET components must decay at large u 
quicker than r^^ ~ g-2(i-A')"_ 

3. Radial electromagnetic fields 

The Einstein-Maxwell equations for a radial electromag- 
netic field lead to the metric ^T] 

2 _ Kdt^ _ f!(M) r 2(a+6)« , 2 

" s^h,u) K ^ 

+ e2°"dz2j ^ e2^"V, (22) 

where K — {Gq'^)^^ , — Qe + Inn ^1 ^ = const, the 
function s(/i, u) is defined as 



h^^ smh{hu), h > 0, 
s{h, u) = u, h — 0, 

h^^ sm{hu), h < 0, 



(23) 



and sign h = ab. The electromagnetic field is repre- 
sented by 



^23 — 9m, 



(24) 



the constants <7e Siiid g,„ being the linear electric and 
magnetic charges, respectively. 



Self- gravitating string-like configurations from nonlinear electrodynamics 



4 



This space-time possesses a singular axis (charged 
thread) and spatial infinity if ft, > and h+B > 0. The 
large r asymptotic then cannot be regular, in particular, 



gtt^O, and \f3'\ e 



does not tend to a finite 



constant. In other cases we have two singular axes. 

Our more general cylindrically symmetric system 
with nonlinear radial electric and magnetic fields closely 
resembles a system with the same Lagrangian in the 
spherically symmetric case 9 . It has been shown in 
Ref. ,9, that the field system with any function 
$(i^) having a Maxwell asymptotic at small F, does 
not admit a static, spherically symmetric solution with 
a regular centre and a nonzero electric charge. We shall 
see that a similar theorem can be proved using the same 
arguments for radial fields and the metric ©. More- 
over, both here and in the spherically symmetric case, 
instead of requiring a Maxwell asymptotic, it is sufhcient 
to assume that the function ^(F) is simply smooth at 
F = 0. 

Indeed, Eqs. (0) and ^ give 



F°^^F=qee-^", 



F23 = Qn 



(25) 



where, as before, the constants qe and qm are the linear 
electric and magnetic charges. It follows that 



and the nonzero SET components are 
T| = = -^{-AB^^F + $). 

lOTT 



(26) 
(27) 



(28) 
(29) 



Theorem 1. The system Q), such that ^{F) is - 
smooth at F = 0, does not admit a static, cylindrically 
symmetric solution for radial electromagnetic fields with 
a regular axis and a nonzero electric charge. 



Proof. From the condition T.^ < 00 it follows 



{E^ + B^)\^f\ < 00. 



(30) 



Suppose first that <7m = 0, Qe ^ 0- Therefore, from 
(|26l) and (|30|l it follows that, at a regular axis, E^^f is 
finite whereas E^^j^ 00. These conditions combined 
lead to ^ and <I>f ^ 00, that is, a singular be- 
haviour of at small F . Thus for purely electric fields 
the theorem is valid. 

Suppose now 7^ and ^ 0. Then (pn|l should 
hold for E"^ and B^ taken separately. As stated pre- 
viously, this condition applied to E'^ , combined with 
(|26|) . leads to ^f ^ 00. But B^ also tends to infin- 
ity, so even stronger B^^p 00, violating (|3U|I . The 
theorem is proved. 

Consider the remaining case of a purely magnetic 
radial field. Then, according to H28|) . 



TO = Ti = $/(167r). 



(31) 



Meanwhile, by Eq. ((23, F = 25^ -> 00 at a possible 
regular axis where ^ — > const and /? — s- — 00, therefore 
the necessary condition (|15|l for regularity on the axis 
holds as long as $ ^ const as F ^ -|-oo . Moreover, 
it then follows that ^f = o{l/F), hence B^^f — > 0, 
which means that the SET if^ . has the structure 
of a cosmological term: ^ $(5^ near a regular axis. 
We conclude that a possible solution with a radial mag- 
netic held, possessing a regular axis, is approximately 
de Sitter or anti-de Sitter near such an axis. 

As for a regular spatial asymptotic, we have seen 
that it is absent in the Einstein-Maxwell solution (except 
for the trivial case of flat space and zero i^^jy ). The same 
will evidently be true if ^{F) has a Maxwell behaviour, 
$(i^) F, at small F: the NED-Einstein solution wiU 
then behave at large r as an Einstein-Maxwell solution. 

As follows from H28|l and (|29|l . a regular spatial 
asymptotic requires F^f = o(l/r^) at large r. For 
a purely magnetic solution, in case ^ — > const , we have 
F ^ , hence $f = o(l) . This is a necessary condi- 
tion of regularity. Another evident necessary condition 
is $ = o{l/r^) . 

Let us return to the Einstein equations. Due to T2 = 

, they lead to 

f3" - = => f3{u) = Ciu) + ciu. 



(32) 



where ci = const and another integration constant is set 
equal to zero by choosing the scale along the z axis. To 
have a regular axis at m ^ — 00, we should put ci > 0. 
A sum of © and ^ leads to 



2/3" 



-G{AE'^'^F + ^) 



(33) 



We can also obtain a relation between (3{u) and 7(1*) : 
the difference of ^ and ((HJ gives 



/3" - (3'^ + P'ci + 7'ci - 2/3'7' = 0. 



(34) 



It is hard to obtain an exact solution to the NED- 
Einstein equations with a given function $(-F). How- 
ever, for a purely magnetic field, the general solution can 
be described by specifying (3{u) if we consider $(F) as 
one of the unknown functions. Indeed, one then finds 
^(u) and 7(u) from and (jSH), then a{u) from Q, 
^(u) from (|33|l and F{u) from H27(l . A comparison of 
the latter two functions leads to $(F) . 

We conclude that solitonic solutions, regular both 
on the axis and at infinity, are not excluded with radial 
magnetic fields. Necessary conditions for obtaining such 
a solution are: (i) ge = 0, (?m 7^ 0; (ii) ^{F) — > const as 
F —> +00 and (ui) $ = o{F) as F ^ (a non-Maxwell 
behaviour at small F). 

One more necessary condition follows from H32|l and 
. Namely, due to , /3' = ci both on the axis and 
on the asymptotic, and integration of (|33|l gives: 



+00 



$e2"dw = 0, 



(35) 
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whence it follows that <1>(F) should have an alternating 
sign in the range F — 2B^ > corresponding to u G M. 

It should be stressed that all these conditions are 
only necessary. Even if all of them hold, one cannot 
guarantee that a given function (3{u) will lead to a valid 
solitonic solution. Thus, a nontrivial requirement is that 
the resulting ^{F) should be a function. In particular, 
if the function F = 2B^ (u) obtained from H27|) is mono- 
tonic, then ^{F) will be a function only if ob- 
tained from H33I) (with E — Q) is also monotonic. This 
in turn requires (according to the Einstein equations) 
that the difference P" — 7" should have an invariable 
sign at all u. 

4. Azimuthal electromagnetic fields 

The NED-Einstein equations for azimuthal electromag- 
netic fields can be studied in quite a similar manner as 
for radial fields. We therefore only mention the main 
points, avoiding the details. 

The Einstein-Maxwell equations for an azimuthal 
electromagnetic field lead to the metric ^T] 

^^,^COsh^(Mr 

Kh^ '- 

- e^- V] - — ^d^^ (36) 
cosh (hu) 

where K = [G{i1 -|-i^)]^^, = ab, a,b — const, 
a > , 6 > , and the electromagnetic field given by 

^03 = im = const; F^^ — if. e^^", if. — const, (37) 

where ig and im are the effective currents of electric 
and magnetic charges along the z axis, respectively. 

This solution, hke (j^ . it^ . does not provide a reg- 
ular axis or a regular large r asymptotic for any values 
of the integration constants. 

In NED under consideration, Eqs. lO and © give 



Fo3=i™, f^i2$F = iee-2", (38) 

which leads to 

E^ = ^^e-2^-2^ (39) 

= ile-^^-^l". (40) 

The SET components have the form 

^0 = ^3 = 1^(4^'*^^ + (41) 

Tl = Ti = —(-45^$^ + $). (42) 



Using the same arguments as in the case of radial 
fields, we can obtain an analogue of Theorem 1 for az- 
imuthal fields: 

Theorem 2. The system HJ), such that ^{F) is - 
smooth at F ~ 0, does not admit a static, cyhndrically 
symmetric solution for azimuthal electromagnetic fields 



with a regular axis and a nonzero effective electric cur- 
rent if, . 

Thus a regular axis is not excluded only in the case 
of an azimuthal electric field, which can result from an 
effective magnetic current. 

All this has been obtained without using the Einstein 
equations. The latter give, in full similarity with Sec. 3: 

l3{u) = 7(u) -I- C2U, C2 — const, (43) 
with C2 > if we wish to have a regular axis; 

2/3" = G{AB^^F - ^) e^", (44) 
and 

(3" - p'^ + 13' C2 + Cc2 - 2f3'C = 0. (45) 

It is again hard to obtain an exact solution with a 
given function ^{F). However, in case ie = 0, the 
general solution may be parametrized by P(u) . Indeed, 
given f3{u) , we can find 7(1*) and ^(u) from 143() and 
iflSl) . then a{u) from Q), <I>(u) from and F{u) from 
H39|) . Comparing the latter two functions, we can find 
<P{F). 

A regular asymptotic again needs a non-Maxwell be- 
haviour of <i>(F) at smaU F: $ = o{F) . 

We conclude that solitonic solutions, regular both on 
the axis and at infinity, are not excluded with azimuthal 
electric fields. Necessary conditions for obtaining such 
a solution are: (i) ie = 0, im 7^ 0', (ii) ^{F) const 
as _F ^ —00 , (iii) $ — o{F) as F ^ 0, and (iv) an 
alternating sign of ^{F) in the range F = —2E^ < 
corresponding to u € E. Again, as described above 
for R-fields, these conditions are not sufficient, and, in 
particular, a nontrivial problem is to provide that the 
resulting $(F) will be a function. 

5. Longitudinal electromagnetic fields 

The Einstein-Maxwell equations for a longitudinal elec- 
tromagnetic field lead to the metric jjjj 

ds' = COSh^(feu) _ ^2ia+b)u^^2 

- e-"rfz^] - (46) 
cosh [riu) 

where K = [G(ig ^ '^^i a,b — const, 

a > , 5 > , and the electromagnetic field is given by 

F02 = im = const; F^^ — if. e~^", = const, (47) 

where ie and im are the effective solinoidal electric and 
magnetic charges, respectively. 

The metric ()46|l does not admit a spatial infinity 
since gi^^p is bounded above. Instead, there are two axes 
at It ^ ±00. The case a = b = h, Kh^ = 1 corresponds 
to Melvin's nonsingular universe |lUj . where u ^ — 00 is 
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a regular axis while the other axis, u = +00 , is infinitely 
remote. 

In our NED-Einstein system, Eqs. ((2Jl and Q give 



F02 — im, 



-2a 



and 



■2 -27-25 

i2e-27-2C_ 



The SET components are 

To° = T| - -i_(4ii;2<i>^ + $), 

= T| = —(-45^$^ + $). 
IGtt 



(48) 

(49) 
(50) 

(51) 
(52) 



The above Einstein-Maxwell solution shows that a 
regular axis in an L-field even exists with a linear elec- 
tromagnetic field, therefore in NED it can also be easily 
obtained: if only the derivative $f is finite at the cor- 
responding value of -F, a regular axis is obtained just 
as with the Maxwell field. Furthermore, assuming that 
there is a regular axis, the Einstein equations can be 
solved by quadratures for an arbitrary choice of $(i^) . 

Indeed, the difference of Eqs. ((HJ and (fTH)! leads to 



^(u) = 7(w) -I- C3U, 



C3 = const. 



(53) 



and to have a regular axis at m — s- — 00 we should put 
C3 — 0. Then, the difference of Eqs. and gives 



2/3'f = 0, 



(54) 



whence 



Ce2'3=e-«e', C = const. (55) 

Then, provided C 7^ , Eq. © with ^ leads to 

C^" = -£erie3«^'. (56) 

Now, due to ^ = 7, the SET components can be 
obtained as functions of ^: since 

F = 2{B^ - E^) = 2e~'*«[i2$^2 _ -2^^ 

^ is expressed in terms of F when $(F) is specified. 
Then F and ^{F), and hence , are determined as 
functions of ^. As a result, Eq. H56I) can be solved by 
quadratures: 



se V 



(57) 



Regularity on the axis u ~ —00 can be achieved by 
adjusting the integration constants as long as <&(F) is 
a smooth function since, with finite ^ = 7 and <i>i?, the 
strengths E and B are finite according to H49() and H50|l . 

It turns out, however, that the above solution with 
^ = 7 cannot possess a regular spatial asymptotic. In- 
deed, as follows from H55|l . (e"'')' ^ oo as /3 cx), 
whereas the requirement (|17|) leads to (e^^)'^O. In 



particular, solutions (|53|) . (|55|l with C 7^ 0, having a 
regular axis, cannot have a regular asymptotic. 

It remains to consider the special case C = in (|55|l , 
when we can put ^ = 7 = without loss of generality. 
Then Eqs. (gHIl and lO, leading to 



E"^ = 



B^<i>l^il 



(58) 



make it possible to determine the function $(i^): 
'i>'{F)^8tl{F + 2tl), (59) 



with an evidently non-Maxwell behaviour at small F. 
Now, the Einstein equations (O and Hll|) lead to = 
Tg = , and one can easily verify that this condition is 
satisfied by $(F) taken according to Eq. (|59|l . The only 
remaining field equation to be solved is 



-2/3 



AGi 



(60) 



which follows from (jSJ or 110() . Eq. H60|l connects two 
unknown functions F(u) and P{u) , so that one function 
may be chosen arbitrarily. 

This choice makes it possible to obtain solitonic so- 
lutions, but only with a purely magnetic field created by 
the effective current ig (one can check that a solution 
with im cannot have a regular asymptotic). We 
now have from (|6()|l 



G$ = ±Gv/8i2F = -2^"e 



-2/3 



(61) 



Fixing the sign on the l.h.s., we obtain that /3" has 
the same sign at all u, hence, in a nontrivial solution, 
/3'(+oo) 7^ /?'(— 00) . With 7 = ^ = 0, a regular axis cor- 
responds to /3'(— 00) = 1, and, at a regular asymptotic, 
P'{-\-oo) = 1 — fi. Therefore, (i) a nontrivial solution 
inevitably leads to /i 7^ and (ii) the angular defect 
/i > is obtained by choosing -I- in Eq. (|61|l . 

Let us give a particular example of a solitonic solu- 
tion belonging to this exceptional family. We choose 



^2 „(2-Ai)t 



(cosh ku) 



-fj./k 



(62) 



with the constants vq (an arbitrary length), fi < 1 (the 
angular defect) and fc > 1 (which is required by the 
regularity condition (|15|l ). Then Eq. (|61|l gives 



Gv/sIfF = ^ e^''^^'^'' {cosh ku) 



2rl 



-2-p/fc 



(63) 



As is easily verified, F turns to zero as u ^ ±cxd , and 
the sufficient conditions of regularity are satisfied. 

6. Concluding remarks 

We have considered static cylindrically symmetric NED- 
Einstein equations with an arbitrary gauge-invariant 
NED Lagrangian of the form ^{F) . 

For R-fields we have proved a theorem that a regular 
axis is impossible if the electric charge is nonzero and the 
function ^{F) is regular at F = 0. A similar theorem 
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for A-fields tells us that a regular axis is impossible if 
there is a nonzero effective longitudinal electric current 
and is regular at _F = 0. For both R- and A- 

fields, regular stringlike solutions are not excluded; they 
should possess a nonzero effective magnetic charge or a 
nonzero effective longitudinal magnetic current, respec- 
tively. Necessary conditions for the existence of such so- 
lutions are, among others, (i) a non-Maxwell behaviour 
of ^{F) at small F and (ii) an alternating sign of . 

For L-fields, there exist configurations having a reg- 
ular axis, and a general exact solution for such configu- 
rations was found by quadratures: specifying , we 
can obtain all metric functions. In other cases, we have 
found parametrizations of the general solution in terms 
of one of the metric functions: knowing it, we can find 
other metric functions and ^(F). A certain problem is 
then to obtain ^{F) as a (single- valued) function since 
(f> and F are found separately as functions of the ra- 
dial coordinate. It is for this reason that we do not give 
any explicit examples of solitonic solutions for R- and 
A-fields. 

We have found that for L-fields, in addition to the 
above general solution, there is an exceptional solution 
(C = in Eq. (jHSJ) for a special choice 1(33 of ^{F) . 
Its properties are drastically different from those of the 
general solution, and, in particular, it gives rise to purely 
magnetic solitonic configurations with a nonzero angular 
defect /X . A specific example of such a configuration is 
given by Eqs. 

In the present study, just as in the case of spherical 
symmetry , we find that the properties of electric and 
magnetic fields are quite different. In particular, only 
purely magnetic R-fields and purely electric A-fields can 
form regular self-gravitating configurations. This is a 
clear manifestation of the absence, in nonlinear theory, 
of the electric-magnetic duality which is so important in 
the Maxwell theory. It can be of interest to study an- 
other symmetry, the so-called FP duality [Hj between 
different theories of NED, for various cylindrically sym- 
metric configurations; this, however, goes beyond the 
scope of this paper. 
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